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ABSTRACT

Empirical complex systems can be characterized not only by pairwise interactions, but also by
higher-order (group) interactions influencing collective phenomena, from metabolic reactions to epi-
demics. Nevertheless, higher-order networks’ apparent superior descriptive power—compared to
classical pairwise networks—comes with a much increased model complexity and computational
cost, challenging their application. Consequently, it is of paramount importance to establish a
quantitative method to determine when such a modeling framework is advantageous with respect
to pairwise models, and to which extent it provides a valuable description of empirical systems.
Here, we propose an information-theoretic framework, accounting for how structure affect diffu-
sion behaviors, quantifying the entropic cost and distinguishability of higher-order interactions to
assess their reducibility to lower-order structures while preserving relevant functional information.
Empirical analyses indicate that some systems retain essential higher-order structure, whereas in
some technological and biological networks it collapses to pairwise interactions. With controlled
randomization procedures, we investigate the role of nestedness and degree heterogeneity in this
reducibility process. Our findings contribute to ongoing efforts to minimize the dimensionality of
models for complex systems.

INTRODUCTION

Many complex systems exhibit an interconnected
structure that can be encoded by pairwise interactions
between their constituents. Such pairwise interactions
have been used to model biological, social and techno-
logical systems, providing a powerful descriptive and pre-
dictive framework [1–6]. Recently, the analysis of higher-
order structural patterns and dynamical behaviors at-
tracted the attention of the research community as a
powerful framework to model group interactions [7–10],
with applications ranging from neuroscience [11, 12] to
ecology [13] and social sciences [14, 15], highlighting the
emergence of novel phenomena and non-trivial collective
behavior [16–21].

Higher-order networks encode more information than
pairwise interactions: for example, metabolic reactions
are more realistically described by group interactions be-
tween any number of reagents and reactants, capturing
information that would be lost by considering the union
of pairwise interactions instead. However, this modeling
flexibility comes at a cost: new data needs to be ade-
quately recorded and stored as group interactions instead
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of pairwise ones, and new analytical [22–25] and compu-
tational [26–28] tools need to be developed. Moreover,
the complexity and computational cost of these tools in-
crease exponentially as larger group interactions are con-
sidered.
It is therefore crucial to understand under which con-

ditions higher-order representations need to be favored
over classical pairwise ones, and whether it is possible to
devise a quantitative procedure to determine which rep-
resentation provides a suitable description of an empirical
system.
A research line approaches higher-order interactions

from the perspective of “behavior”, seeking to char-
acterize statistical dependencies in multivariate time
series [29–33]. Within this framework, information-
theoretic methods have shown that such dependencies
can be decomposed into contributions from different in-
teraction orders [34]. At the same time, initial studies
have revealed that the relationship between higher-order
behaviors and mechanisms, i.e. structure and dynamics,
is subtle and often non-trivial [10, 35]. How to reduce
a higher-order structure (and the dynamics it supports)
given the dynamics on top of it, remains an open prob-
lem.
A similar challenge was faced nearly a decade ago,

when the advent of temporal and categorical data [36–
38] allowed multilayer representations of complex net-
works [39]. For these representations, an information-
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theoretic approach was used to show that not all layers,
or types of interaction, are equally informative: Some in-
formation can be discarded or aggregated to reduce the
overall complexity of the model without sacrificing its
descriptive power [40, 41]. Although multilayer networks
are different from higher-order networks, this approach,
formally based on the density matrix formalism [42], pro-
vides a good candidate for the present case. Indeed, the
idea is similar in spirit to the widely used information
compression algorithms adopted in computer science: by
exploiting the regularities in the data, one can build a
compressed representation that optimizes the number of
bits—i.e., the description length—needed to describe the
data with a model and those to encode the model itself.
Broadly speaking, this minimum description length prin-
ciple, grounded on Bayesian inference, allows one to max-
imize model accuracy while minimizing model complex-
ity by means of a principled regularization term [43–45].
Similar approaches have also been used to coarse-grain
complex and multiplex networks [46–48].

Here, we build on this long-standing research line and
propose an approach to compress systems with higher-
order interactions, while accounting for the ability to de-
scribe complex data and the cost due to the complexity
of the model. Specifically, we determine a suitable order
up to which interactions need to be considered to ob-
tain a reduced and functionally plausible representation
of the system. Larger orders above this threshold can
be safely discarded. Formally, we do so by generalizing
the concept of network density matrix [42, 49] to account
for higher-order diffusive dynamics with the multiorder
Laplacian [17, 50] and deriving a meaningful rescaling
of the diffusion time as a function of the order of in-
teraction. Then, we calculate an information-theoretical
cost function which depends on the largest order con-
sidered. By minimizing this cost function, we find the
optimal compression of the data which, in turn, corre-
sponds to the most parsimonious functional description
of the system, at a given diffusion time. In the follow-
ing, we refer to this procedure as functional reduction.
A higher-order network is fully reducible—to a pairwise
network—if the optimal order is 1, while its reducibil-
ity decreases for increasing optimal orders. To this aim,
we consider two alternative, yet complementary, perspec-
tives: the first, based on the Kullback–Leibler divergence
DKL(ρ|ρ0), quantifies the entropic cost of building a sys-
tem represented by a density matrix ρ from a collec-
tion of isolated nodes represented by a density matrix
ρ0; the second, based on the Jensen–Shannon divergence
DJS(ρ|ρ0), measures how distinguishable the system is
from such a collection. These two measures are com-
plementary alternatives, each with distinct advantages
and limitations in capturing reducibility, as they empha-
size different informational aspects of the system. The
choice between them depends on the specific application
and context. For simplicity, in the following we present
results based on the former, and refer to the Supplemen-
tary Information for the analysis using the latter.

We analytically derive the cost function for a rotation-
ally invariant structure, revealing how reducibility de-
pends on Laplacian eigenvalues and diffusion time. Then,
we demonstrate the validity of our method by performing
an extensive analysis of synthetic networks and investi-
gate the functional reducibility of a broad spectrum of
real-world higher-order systems. Our analysis reveals (i)
that datasets from different domains are differently re-
ducible, (ii) that no simple structural metric alone can ex-
plain reducibility, and (iii) the role of degree heterogene-
ity in reducibility by using randomization procedures.
The advantage of this framework is that it provides a

bridge between network analysis and information theory
by means of a formalism that is largely inspired by quan-
tum statistical physics, which has found a variety of ap-
plications from systems biology [51] to neuroscience [52],
shedding light on fundamental mechanisms such as the
emergence of network sparsity [53] and the renormaliza-
tion group [54].

RESULTS

A. Density matrix for higher-order networks

The flow of information between nodes in a (pair-
wise) network can be modeled by different dynamical pro-
cesses. However, in the absence of specific knowledge or
hypotheses about the underlying dynamics, diffusion rep-
resents the maximum-caliber estimate and thus provides
a principled modeling choice [53]. Diffusion on networks
can be described by means of the propagator e−τL, where
L the combinatorial Laplacian and τ is the diffusion time.
In particular, the information flow from node i to node j
is described by the component

(
e−τL

)
ij
. Network states

can then be encoded by a density matrix [42, 49] defined
as

ρτ =
e−τL

Z
, (1)

where the partition function Z = Tr
(
e−τL

)
ensures a

unit trace for this operator. The influence through the
network guided by the propagator is often described as
information flow. However, we note that this should not
be conflated with information flow in the information-
theoretic sense, as quantified by entropy, mutual infor-
mation, or transfer entropy. Here, the term is rather used
in the broader network science convention to indicate the
spread of dynamical effects through the system.
Here, we generalize density matrices to higher-order

networks. The most general formalism to encode higher-
order networks is that of hypergraphs [8]. A hypergraph
is defined by a set of nodes and a set of hyperedges that
represent the interactions between any number of those
nodes. A hyperedge is said to be of order d if it involves
d + 1 nodes: a 0-hyperedge is a node, a 1-hyperedge is
a 2-node interaction, a 2-hyperedge is a 3-node interac-
tion, and so on. Simplicial complexes are a special case
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of hypergraph that is also commonly used: they addi-
tionally require that each subset of each hyperedge is in-
cluded in the hypergraph, too. In a hypergraph H with
maximum order dmax, diffusion between nodes through
hyperedges of order up to D ≤ dmax can be described
by the rank–2 projected operator known as multiorder
Laplacian [50, 55]

L[D] ≡ L(D, mul) =
D∑

d=1

γd
⟨K(d)⟩

L(d), (2)

which is a weighted sum of the Laplacians L(d) at each or-
der d up to order D. At each order, the weight is defined
by a real coefficient γd (which we set to 1 for simplic-
ity) and the averaged generalized degrees

〈
K(d)

〉
. Each

d-order Laplacian is defined by L
(d)
ij = K

(d)
i δij − 1

dA
(d)
ij ,

in terms of the generalized degrees K(d) and adjacency
matrix A(d) of order d. The matrix L[D] satisfies all
the properties expected from a Laplacian: it is posi-
tive semidefinite and its rows (columns) sum to zero (see
Methods Section I for details). In general, a hyper-
graph does not need to have hyperedges at every order
below D, unless it is a simplicial complex. If there is no
hyperedge of order d, both the Laplacian and the aver-
age degree in Eq. (2) vanish, and the result is undefined.
In those cases, the sum thus needs to be taken over all
orders below D that exist: D = {d ≤ D : ⟨K(d)⟩ > 0}.

The multiorder density matrix of hypergraph H, up to
order d, is defined as

ρ[d]
τ =

e−τL[d]

Z
, (3)

with the partition function Z = Tr
(
e−τL[d]

)
. Just like

its pairwise analog in Eq. (1), this operator satisfies all
the expected properties of a density matrix: it is positive
definite, and its eigenvalues sum up to one. Importantly,
the diffusion time τ plays the role of a topological scale
parameter: small values of τ allow information to dif-
fuse only to neighboring nodes, probing only short-scale
structures. Larger values of τ , instead, allow the diffu-
sion to reach more remote parts of the hypergraph and
describe large-scale structures. In this context, the mean-
ing of “small” and “large” depends on the network struc-
ture, and can be estimated with respect to the magnitude
of the largest (1/λmax) and smallest (non-zero) (1/λmin)
eigenvalues of the Laplacian matrices, respectively. To
meaningfully compare the density matrix in Eq. (3) at
different orders d, we will need to rescale the chosen τ at
each order—the derivation and necessity of the rescaling
are detailed below in Section C.

B. Quantifying the reducibility of a hypergraph

We approach the reducibility of a hypergraph as a
problem of model selection. We formulate that problem

as follows: given a hypergraph H with maximum order
dmax, is H an optimal representation of itself, or is con-
sidering only its hyperedges up to a given order d < dmax

sufficient? Formally, we treat the density matrix ρ[dmax]

as data and ρ[d] as a model of the data. Formulated
in this way, we need to find the “optimal” model of the
data, that is, to evaluate the optimal order dopt. To this
aim, it is desirable to frame the optimization problem
in Bayesian terms, following the minimum description
length principle, akin to Occam’s razor. That framework
quantifies the suitability of a model through its likeli-
hood and its complexity through the prior. However, one
important limitation should be noted in our case: defin-
ing a prior in terms of the density matrix is non-trivial,
preventing the definition of a unique and self-consistent
complexity term as in the original minimum description
length principle. To address this, we introduce suitable—
though not necessarily optimal—cost functions. Another
important aspect is that the likelihood function provides
only a proxy description of the observed network, ex-
pressed through the diffusive process unfolding on it.
This requires interpreting our results in terms of the
interplay between structure and dynamics, rather than
structure alone.
The steps of the methods are illustrated in Fig. 1: (a)

start from an original hypergraph, (b) use higher-order
diffusion at a selected diffusion time τ , then (c) calculate
the optimal largest order dopt by minimizing the cost
function, and (c) reduce the original hypergraph to a
suitable hypergraph, that is, one with orders only up to
dopt without losing functional information.
As illustrated in Fig. 2, we define the cost function

L as the sum of the information loss—the opposite of
the model accuracy—of the model, measured by a suit-
ably generalized Kullback-Leibler divergence DKL, and
the model complexity C (see Methods Section K for de-
tails):

L
(
ρ[dmax]
τ |ρ[d]

τ ′

)
= DKL

(
ρ[dmax]
τ |ρ[d]

τ ′

)
+ C

(
ρ
[d]
τ ′

)
, (4)

where τ ′ is a necessary order-dependent rescaling of τ , as
will be explained in Section C.
Note that by definition, there is no informa-

tion loss when considering all possible orders, i.e.,

DKL

(
ρ
[dmax]
τ |ρ[dmax]

τ

)
= 0. It is worth remarking that,

this cost function deviates from the standard Bayesian
description length for probability distribution, because
it is not trivial to define the corresponding prior term
in terms of operators (see Methods). To partially
overcome this limitation , we use again a Kullback-
Leibler divergence to approximate the model complex-

ity as C(ρ
[d]
τ ) = DKL(ρ

[d]
τ |ρiso) = logN − S

[d]
τ , where

S
[d]
τ = −Tr(ρ

[d]
τ logρ

[d]
τ ) is the von Neumann entropy

of the hypergraph up to order d, and ρiso the density
matrix of N isolated nodes, which has maximal entropy
Siso = logN (see Methods Section L). The complexity

can take values in C(ρ
[d]
τ ) ∈ [0, Siso], reaching its min-
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imum for hypergraphs with maximal entropy (e.g. iso-
lated nodes or hypergraphs with high regularity), and its
maximum for hypergraphs with minimal entropy (e.g.
hypergraphs with more complex structures).

Another definition, grounded on quantifying distin-
guishability, is discussed in Section M and described in
S.I. Sec. V.

In the following, we will refer to optimal order dopt, at
diffusion time τ , as the most suitable order that mini-
mizes our cost function:

d
(τ)
opt = argmin

d
L
(
ρ[dmax]
τ |ρ[d]

τ ′

)
. (5)

It is also worth remarking that the optimal order should
be interpreted in terms of the diffusion dynamics on
the network, not directly its structure. With this pre-
scription, the likelihood term—encoded by DKL—in the
cost function retains all the features of a likelihood func-
tion [42] and can be suitably used for our purpose.

Finally, we define the reducibility of the hypergraph at
diffusion time τ as

χτ (H) =
dmax − d

(τ)
opt

dmax − 1
, (6)

which measures the ratio between the number of orders
to reduce and the maximum number of orders to reduce,
dmax − 1. By construction, χτ (H) = 0 for a hyper-

graph that is not reducible at all, i.e., d
(τ)
opt = dmax, while

χτ (H) = 1 for a hypergraph that is maximally reducible,
that is, it can be optimally reduced to its pairwise in-

teractions, d
(τ)
opt = 1. The dependence on τ makes this a

multiscale method: each diffusion time serves as a differ-
ent lens to probe the system. There is typically a range
of informative τ values determined by the eigenvalues of
the multiorder Laplacian, as we will see in Section D.

C. Rescaling the diffusion time τ at each order

As mentioned above, a given diffusion time τ may be
large for some networks but low for others, which is a
challenge when the aim is to compare networks and or-
ders. To overcome this problem, we rescale τ to ensure
an appropriate diffusion time for each structure, and we
exploit examples of hypergraphs with certain regularities
to define a baseline and characterize the scaling relation.

Specifically, there is a class of hypergraphs for which
Laplacians of different orders are proportional, i.e.,
L(d) ∝ L(d′). This occurs in very regular structures in-
cluding complete hypergraphs and some simplicial com-
plex lattices (see Methods Section N). In this case, since
the Laplacian matrices govern the flow of information,
all orders and all their combinations encode the same
functional information. Consequently, we expect these
structures to be functionally invariant under reduction—
i.e., the cost function should not change as one reduces
the hypergraph.

However, without rescaling, the summation of Lapla-
cian matrices according to Eq. (2) simply strengthens the
flow pathways in the original hypergraph, making it dif-
ferent from its reduced versions. To correct for this effect,
we rescale τ to allow meaningful comparisons between a
hypergraph at different orders.

Since the density matrix only depends on the product
of τL(d), this can be achieved by selecting a value of
diffusion time τ , and then rescaling it to obtain a new
τ ′(d) at each order like so:

τ ′(d) =
dmax

d
τ, (7)

which we denote τ ′ ≡ τ ′(d) to avoid cluttering the nota-
tion. This rescaling ensures that the multiorder density
matrices are all equal,

ρ
[d]
τ ′(d) = ρ

[dmax]
τ ∀d, (8)

in the special case of hypergraphs with proportional
Laplacian matrices, and gives a flat cost function

L
(
ρ
[dmax]
τ |ρ[d]

τ ′

)
= C

(
ρ
[dmax]
τ

)
for all d in those extreme

structures (S.I. Sec. I).

For illustration purposes, we set τ = τshort = 1/λmax

in numerical experiments, unless otherwise stated, where
λmax is the largest eigenvalue of the multiorder Lapla-
cian of the original hypergraph L[dmax]. This corresponds
to choosing a small diffusion time to explore more local
structures of the hypergraph.

Physically, this rescaling simply means that we adapt
the diffusion time at which we probe the hypergraph as
we consider more orders, to highlight the distribution of
flow pathways rather than their accumulated strengths.
We use this rescaling of τ at each order, in all hyper-
graphs.

D. Analytically tractable case: the hyperring

For arbitrary hypergraphs, the cross-entropy part of
the information loss is hard to derive analytically. Here,
we consider a case that is analytically tractable because
of its rotational symmetry: a hyperring [56] with inter-
actions up to order 2.

We define the hyperring as N nodes on a ring with
pairwise interactions with first neighbors, (i, i + 1)
mod N, ∀i and triplet interactions with first neighbors
too (i− 1, i, i+1) mod N, ∀i. By construction, this hy-
perring is a simplicial complex. Because of the rotational
symmetry, the Laplacian and density matrices are circu-
lant matrices, which commute, and for which the eigen-
value spectrum is known and expressed in the Fourier
basis [56, 57]. Specifically, the multiorder Laplacian spec-
tra are (see full derivation in Supp. Info. Sec. II) , up to



ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS

5

order 2:

λ
[1]
k = 1− cos

(
2πk

N

)
, (9)

λ
[2]
k = 2− 5

3
cos

(
2πk

N

)
− 1

3
cos

(
4πk

N

)
, (10)

with λ
[d]
0 = 0 and λ

[d]
k = λ

[d]
N−k for 0 < k < ⌊(N − 1)/2⌋

and d = 1, 2 (Fig. 3a). We also know that the spectra of
the corresponding density matrices can be expressed in

terms of these as µ
[d]
k = e−τ ′λ

[d]
k /Z [d], which depend on τ

(Fig. 3b). These eigenvalues sum to 1 and can be seen
as probabilities, or weights associated with each diffusion
mode. For short diffusion times, these weights are dis-
tributed uniformly (blue curves), but at longer diffusion
times, the fast modes decay, and only the slow modes
remain (green curves).

We can now explicitly write the information loss: in-
deed, it reduces to a KL divergence over the distributions

of eigenvalues µ
[d]
k because the matrices are circulant and

hence commute. Eventually, we can write

DKL

(
ρ[dmax]
τ |ρ[d]

τ ′

)
=τ

[(
dmax

d
− 1

)
Eρ[dmax]

[
λ
[d]
k

]
− Eρ[dmax]

[
λ
⌊d⌋
k

]]
+ log

(
Z [d]

Z [dmax]

)
,

(11)
where we denote

Eρ[dmax] [λk] =
N−1∑
k=0

µ
[dmax]
k · λk, (12)

the expectation of a given spectrum weighted by the dif-
fusion modes under the full system diffusion, and

λ
⌊d⌋
k =

dmax∑
δ=d+1

1〈
K(δ)

〉λ(δ)
k , (13)

the eigenvalues of the hypergraph composed by all trun-
cated orders. Equation (11) is interpretable and has
an overall structure similar to those derived for pairwise
networks [42], The first two terms are proportional to
τ and account for “spectral distortion”: (1) contributed
by orders up to d, and (2) not contributed by orders
d < δ ≤ dmax not present in the truncated system. The
(dmax

d − 1) pre-factor accounts for the rescaling of τ and
vanishes when d = dmax. The third term is a standard
log-correction of the spread of the two density matrix
spectra. This information loss vanishes in the limits
τ → 0 and τ → ∞ (in the former, the expected val-
ues vanish because diffusion peaks in the uniform mode
k = 0, the only one not decaying). This indicates that
these extreme diffusion times are not informative scales
at which to probe the system: at τ = 0 no diffusion has
occurred, whereas at τ = ∞ all diffusions have reached

the uniform equilibrium. At intermediate τ , the informa-
tion loss vanishes for d = dmax, as expected.
We can now derive the complexity in terms of those

same eigenvalues:

C(ρ
[d]
τ ′ ) = log

(
N

Z [d]

)
− τ

dmax

d
Eρ[d]

[
λ
[d]
k

]
. (14)

Note that this expression of the complexity is valid for
any hypergraph, as the symmetry of the hyperring was
not needed to derive it. The complexity tends to zero,

C(ρ
[d]
τ ′ ) → 0 for τ → 0, and C(ρ

[d]
τ ′ ) → logN for τ → ∞.

The cost function is simply the sum of Eqs. (11)
and (14). In order to obtain the optimal order as a func-
tion of the diffusion time τ , we can simply compute the
difference between the cost function at orders 2 and 1
(Fig. 3c): the hyperring is irreducible at short diffusion
times (dopt = 1) but reducible at intermediate and long
diffusion times (dopt = 2). The sign of the result indi-
cates whether the optimal order is 1 or 2. Note again that
extremely short τ → 0 or long τ → ∞ diffusion times are
not informative scales at which to probe the system.
These analytical expressions are interpretable and re-

veal how reducibility is directly linked to the structure
and diffusion dynamics on top of it via the diffusion
time, and the eigenvalues of the multiorder Laplacian.

Explicitly, the terms Eρ[dmax]

[
λ
[d]
k

]
, Eρ[dmax]

[
λ
⌊d⌋
k

]
quan-

tify the spectral distortion between the truncated and
the full hypergraph. At τ ∼ τshort, all modes con-
tribute nearly equally, so reducibility depends on whether
higher-order edges introduce genuinely new local fea-
tures into the spectrum. At τ ∼ τlong, only the slow
modes dominate, making reducibility hinge on whether
higher orders reshape the global connectivity patterns.
In both regimes, the trade-off with model complexity
determines whether the gain in descriptive power out-
weighs the penalty of keeping additional orders. Hence,
whenever adding higher-order edges does not substan-
tially alter the relevant spectral content at the probed
scale, the system will be deemed reducible. This inter-
pretation also explains why the the hyperring appears
reducible at most (not-too-small) diffusion times: the
added higher-order edges do not substantially alter global
patterns of diffusion, because of the rotational symme-
try and nestedness—strong structural constraints. From
this point of view, the hyperring provides a conceptual
bridge between the complete hypergraph, and the more
complex, and less symmetric, structures that we investi-
gate numerically in the next sections.

E. Random structures

We now investigate the reducibility of two types of
heterogeneous random structures: random hypergraphs
and random simplicial complexes. To do so, we compute
the optimal order—remarking that it refers to the most
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suitable one according to our cost function—numerically
as described above.

A random hypergraph is defined by a number of nodes
N and a set of wiring probability pd for each order re-
quired. At each order d, a hyperedge is created for any
combination of d+1 nodes with probability pd, similarly
to Erdős-Rényi networks. Random simplicial complexes
are built in the same manner before adding the missing
subfaces of all simplices, to respect the condition of in-
clusion. In both cases, we set N = 100, pd = 50/Nd and
dmax = 4.

Figure 4 shows the cost function considering orders
from 1 to 4, for 100 realizations of each type of random
structure, at τ = τshort. In the case of random simplicial
complexes (Fig. 4a), dopt = 3, reflecting some reducibility
χ = 1/3. Instead, in random hypergraphs (Fig. 4b), the
optimal order is the maximum, dopt = 4 = dmax. This
means that those random hypergraphs, at this scale, are
not reducible, i.e., χ = 0.

The crucial difference between these two cases is that
the hyperedges between different orders are correlated
(nested) in random simplicial complexes but uncorrelated
in random hypergraphs. Indeed, simplicial complexes
need to satisfy downward inclusion: if a d-hyperedge is
present, all (lower order) hyperedges that are subsets of
its nodes need to be included too. More information
about the differences between the two and their impact
on dynamics can be found in [17]. Nestedness can be
measured by the simplicial fraction defined in [58]: it
is 1 (maximal) in simplicial complexes but closer to 0
(minimal) in random hypergraphs.

To test the effect of nestedness on reducibility, we start
from a random simplicial complex (Fig. 4c) and gradu-
ally change it into a random hypergraph by shuffling its
hyperedges. Specifically, we change each hyperedge into
another non-existing hyperedge with probability pshuffle,
preserving the number of hyperedges. For pshuffle = 1,
the result is a random hypergraph (Fig. 4e). Figure 4c-e
shows how decreasing nestedness also decreases reducibil-
ity.

In simplicial complexes, higher-order hyperedges are
strongly nested within lower-order ones. Therefore,
higher-order edges that overlap with lower-order ones
add little new spectral content, yielding reducibility. By
contrast, in random hypergraphs or when nestedness is
destroyed through shuffling, additional hyperedges sub-
stantially reshape the spectrum by introducing genuinely
new local connections, thereby lowering reducibility.

As mentioned above, τ acts as a topological scale. Dif-
fusion processes with different values of τ are thus ex-
pected to “see” different structures, which may result in
different optimal order and reduced hypergraph. To il-
lustrate this, we compute the cost function curves for
the random simplicial complex case, for five values of
τ evenly spaced on a logarithmic scale, and where the
second and fourth are 1/λmax and 1/λmin, respectively.
Supplementary Fig. S2 shows that as the diffusion time
increases (larger τ), the cost function (i) increases overall

and (ii) the reducibility decreases to χ = 0. Supplemen-
tary Fig. S4 shows the same results for three values of
the hyperedge density, where we can see that for higher
densities, the cost function curve becomes much flatter
with no clear minimum, suggesting a functional similar-
ity between the large-scale structure at all orders.
We similarly tested the effect of the sole density on

the reducibility (Supp. Figs. S3 and S4). In general, the
overall density coefficient does not appear to significantly
affect the reducibility.
At long diffusion times, reducibility is generally low be-

cause the expectations weight only the slow modes, which
capture global connectivity patterns. In this regime,
higher-order edges have a stronger effect: unless they
are tightly nested within lower-order ones, they rewire
long-range connections and shift the smallest eigenval-
ues, making the truncated spectra diverge from the full
one. As a result, simplicial complexes retain some re-
ducibility thanks to their nested structure, but random
hypergraphs or shuffled ensembles remain irreducible at
long times.

F. Real-world hypergraphs display diverse
reducibility

We now investigate how reducible real-world hy-
pergraphs are by considering 60 empirical hypergraph
datasets from 9 categories: coauthorship, face-to-face
contacts, drugs, ecology, email, metabolism, politics, on-
line forum tags, and theater.
First, we observe a great variety in the reducibility

values (Fig. 5) and the associated cost function curves
(Supp. Figs S5 and S6) for τ = τshort. Figure 5a-c
show three examples with curves of very different shapes
and with different reducibility. All reducibility values are
shown in Fig. 5d by category, and their overall distribu-
tion covers the full possible range with many values close
to 0 (Fig. 5e). Second, we note that datasets from dif-
ferent categories seem to be distinctively reducible: none
of the coauthorship, email, theater, and ecology datasets
are very reducible (χ ≈ 0), whereas the contact, drugs,
and metabolism datasets show a range of reducibility val-
ues, and the tags datasets appear fully reducible (χ = 1).
The variability between the drugs datasets can be under-
stood because the nodes and hyperedges represent dif-
ferent concepts in each case (see Methods Section O).
A Kruskal-Wallis H-test indicated that the category of
the dataset has a statistically significant effect on the re-
ducibility, p < 10−4—after excluding the categories with
too few (≤ 5) datasets. A description of all datasets
can be found in Methods Section O, and their summary
statistics and reducibility can be found in Table I.
For completeness, we also show the reducibility values

for a long τ = τlong in Supp. Fig. S7. We observe that in
most cases, the reducibility drops to zero in that case, as
in the synthetic cases. This can be understood as follows:
At long diffusion times, the dynamics is governed by the
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slow Laplacian modes (small eigenvalues), which capture
global connectivity patterns. Adding higher-order edges
almost always alters these global patterns—by creating
shortcuts, bridging distant parts, or biasing flows across
large subsets of nodes—so the truncated spectra diverge
strongly from the full one. As a result, information loss
dominates and the system becomes irreducible.

G. Reducibility is not explained by any one simple
metric

To better understand the relationship between re-
ducibility and the structure of the hypergraphs, we com-
puted the Pearson correlation coefficient between the re-
ducibility and several typical structural metrics.

In Fig. 6, we show the results for six metrics: den-
sity (M/N , where M is the number of hyperedges and
N the number of nodes), the logarithm of the maxi-
mum generalized degree, the logarithm of the spectral
radius (that is, the maximum of the absolute eigen-
values of the generalized adjacency matrix), nestedness
(as measured by the simplicial fraction [58]), the cross-
order degree correlation (between orders 1 and 2), and
the heterogeneity of the generalized degree (measured as
(Kmax − ⟨K⟩)/Kmax). Note that although all metrics
use quantities generalized for higher-order networks such
as degree and density, nestedness and cross-order degree
correlation are strictly higher-order metrics: they mea-
sure how the structure at different orders relate. For
each metric, we report the correlation coefficient r and
the associated p-value.

Results indicate a significant (p < 0.05) positive cor-
relation between reducibility and each of these metrics
except for the cross-order degree correlation. However,
note that in all cases, for a given value of a structural
metric reducibility still displays a range of values. For
example, reducibility is correlated to density (r = 0.51,
p = 3.5 × 10−5) but density alone cannot explain re-
ducibility: datasets with low density exhibit reducibility
values between 0 and 1. Note that this might in part be
because most of these metrics only consider the struc-
ture aggregated across orders, whereas reducibility con-
siders how the structure and dynamics change as more
orders are considered. One exception of this is the nested-
ness, which accounts for the relation between orders (and
cross-order degree correlation, but here only computed
between orders 1 and 2 for practical reasons). Hence,
if a hypergraph has high nestedness, it gives us informa-
tion about how the structure changes as larger orders are
added.

For completeness, we report the correlation between
reducibility and several additional metrics in Supp.
Fig. S8a-f and the correlations between those metrics in
Supp. Fig. S8g.

H. Linking reducibility to degree heterogeneity by
randomizing

We start by focusing on nestedness as a first metric
to help us better understand reducibility in empirical
datasets. Nestedness describes how often hyperedges of
lower orders are subsets of hyperedges of higher orders.
Simplicial complexes are maximally nested because they
satisfy downwards closure, whereas random hypergraphs
are minimally nested because there is no correlation be-
tween its hyperedges at different orders. To quantify
nestedness, we use the simplicial fraction as above.
There are at least three reasons to start with nest-

edness: (i) nestedness is a form of structural redun-
dancy, (ii) in synthetic hypergraphs, we observed that
decreasing nestedness in a controlled manner decreased
reducibility (Fig. 4), and (iii) in empirical datasets, we
observed a positive correlation between nestedness and
reducibility.
As noted in [58], many empirical datasets are not very

nested. This is also the case in the datasets considered
here, with the only nested ones belonging to the “con-
tact” category. For this reason, we now focus on that
category, which also displays a range of reducibility val-
ues (Fig. 5).
To investigate the link between reducibility and nest-

edness, we use three randomization strategies (from
least to most structure-destructive): the configuration
model [59], a node swap procedure [17], and a simple
shuffling of hyperedges [17] (see Methods Section I for
details). In the configuration model, we randomize each
order of interaction independently. This randomizes hy-
peredges while preserving the degrees of the nodes at
each order. In the node swap procedure, at each order
d > 1, we pair nodes (i, j) and swap their generalized

degrees K
(d)
i ↔ K

(d)
j by swapping their hyperedge mem-

berships at that order. This preserves the degree distri-
butions at each order, but destroys the degree sequences
(i.e., the assignment of degrees to specific nodes). In the
shuffling, we simply shuffle all hyperedges. This random-
izes hyperedges too, while only preserving the number of
hyperedges—the degree sequences and distributions are
destroyed. This shuffling was used in the synthetic ran-
dom structure (Fig. 4c-d). Compared to the first two ran-
domizing procedures, the shuffling is extreme and yields
structures akin to random hypergraphs. Theoretically,
we expect these three randomization procedures to de-
stroy nestedness in the datasets since they destroy cor-
relations between orders, and we are interested in seeing
their effect on reducibility.
We show the results for 20 realizations of each ran-

domization procedure in Fig. 7. First, we observe that
all three procedures destroyed nestedness, as expected
(Fig. 7b): original values (black) were mostly 0.7 (and
one around 0.4), but nestedness is close to 0 in all struc-
tures randomized by the configuration model (green), the
node swap (blue), and the shuffling (red). As antici-
pated, the shuffling also caused the reducibility to vanish
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(Fig. 7a), consistent with what we observed in synthetic
structures (Fig. 4c-d). Interestingly, however, the config-
uration model and the node swap preserved the reducibil-
ity values most of the time. In other words, in hyper-
graphs with originally large nestedness and reducibility,
the reducibility is preserved if the degree sequences and
distributions are, too, but is destroyed if not. This indi-
cates that it is the information contained in the degree
distributions at each order, rather than the nestedness,
that is impacting the reducibility of these systems.

To go further, we examined the cross-order degree cor-
relation and the degree heterogeneity. The first mea-
sures how correlated the degrees of nodes at different
orders are (Fig. 7c). It is a summary statistic of the
degree sequences (but cannot be computed from the de-
gree distributions, as it contains no information about
the degree-node assignments). As a proxy, we sim-
ply look at the correlation between orders 1 and 2:

DC = corr({K(1)
i }, {K(2)

i }). Second, the degree hetero-
geneity measures how varied the generalized degrees are
(Fig. 7d). It is a summary statistic of the degree distribu-
tions (and sequences, but the distributions are sufficient).
In very nested hypergraphs, “richer nodes get richer” and
cross-order degree correlation is high [17]. As expected,
the original “contact” datasets have high DC (close to 1)
which is destroyed (close to 0) by the shuffling and the
node swap. DC is only preserved by the configuration
model, that is, by preserving the degree sequences, as
expected. This indicates that the DC cannot explain the
reducibility in this case, since the reducibility can be pre-
served when the DC is destroyed (node swap). Then we
turn to the generalized degree heterogeneity: it is only
destroyed by the shuffling, and thus preserved by pre-
serving degree sequences (configuration model) or distri-
butions (node swap). We thus observe that it is sufficient
that the randomization preserves degree heterogeneity to
preserve reducibility.

We also checked the effect of randomizations on other
metrics: the higher-order degree heterogeneity ratio [17],
the spectral radius, and maximum higher-order degree
(Supp. Fig. S9). The maximum degree, another sum-
mary statistic of the degree distributions, shows a similar
but less marked trend than the degree heterogeneity: it
decreases but is not fully destroyed when the shuffling
destroys the reducibility. The degree heterogeneity ratio
and spectral radius do not exhibit any clear trend in this
case.

In conclusion, the results suggest that the degree dis-
tributions and their summary statistic of degree hetero-
geneity (and, to a lesser extent, the maximum degree)
are key to the reducibility of these “contact” datasets
that are highly nested, whereas nestedness and cross-
order degree correlation are not. From the perspective
of spectral distortion, this suggests that heterogeneity—
which we know is directly linked to the broadness of the
Laplacian spectrum—correlates in these datasets with
not much new spectral content as orders are added, at
short times, thereby enabling lower-order truncations to

approximate the full spectrum. Applying other suit-
able randomizations to other categories of datasets (with
lower nestedness) could help disentangle other key ingre-
dients to reducibility. Interestingly, past research showed
that cross-order degree correlation affected dynamics on
hypergraphs: low DC stabilizes synchronization [17], and
higher DC facilitates bistability contagion models [59].

DISCUSSION

All areas of natural and social science, as well as engi-
neering ones, are undergoing a deluge of publicly avail-
able data with complex structure. This data allows for
building more detailed and powerful models of systems
from areas such as physics, biology, sociology, and tech-
nology. One class of such models is networks that en-
code group interactions rather than just pairwise ones:
higher-order networks. Higher-order networks provide a
natural framework for modeling systems where interac-
tions between more than two units occur, such as chem-
ical reactions of metabolic interest or social interactions.
However, they are usually projected—by design—to pair-
wise interactions when data is gathered, and higher-order
information is inevitably lost. By preserving that infor-
mation, higher-order networks have the potential to yield
a more reliable model of some empirical systems. Nev-
ertheless, higher-order networks come with novel chal-
lenges: new theoretical and computational methods have
to be developed, while algorithms become exponentially
more complex for increasing order of the interactions.
It is thus of paramount importance to understand un-
der which conditions one should opt for higher-order
modeling—or keep using traditional pairwise models.
Here, we have provided a method, at the edge between

statistical physics and information theory, to guide re-
searchers in identifying the most suitable representation
for their data, by using diffusion processes. We built
this method by adapting the well-tested density matrix
formalism to higher-order interactions with the multi-
order Laplacian, and the diffusion time serves a topo-
logical scale. A key challenge in doing so was to derive
a meaningful scaling of the diffusion time across inter-
action orders. Our method is based on minimizing a
suitable cost function, encoding both the number of bits
required to describe the data given a model and the num-
ber of bits required to describe the model, estimated by
its entropy, to find a suitable order of group interactions.
Orders above the optimal one can be safely discarded
because they provide only redundant information about
the system, while increasing model complexity and the
computational cost for its analysis according to our def-
initions.
As anticipated, the cost function we define here does

not correspond to a true description length. Indeed, den-
sity matrices are operators rather than probability distri-
butions, and no direct generalization of Bayes’ theorem
exists for them. To partially address this limitation, we
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employ the Kullback–Leibler divergence to approximate
model complexity and thereby define an effective regu-
larization term.

Alternative definitions may be appropriate depending
on the context and objective. For instance, we also con-
sidered a cost function based on the Jensen–Shannon
divergence, which quantifies how distinguishable the
system—at a given order—is from a gas of isolated nodes
relative to the pairwise case. In this case, the results did
not consistently support the need for a higher-order de-
scription, highlighting that the apparent lack of univer-
sality arises from the specific features each cost function
is able to capture (Supp. Info. Sec. V). The choice of
definition will thus depend on the specific application,
context, and practical use. This points to the need for a
more principled approach yet to be established.

Additionally, although we considered here unsigned,
unweighted, and undirected hypergraphs, the formalism
can be directly generalized to relax all those conditions
(resulting in a density matrix that is not a Gibbsian-like
exponential), following recent work that has been done
so for pairwise network [60].

Remarkably, we show that not all systems require a
higher-order model to be described and that even within
the same class of systems, there is some level of variabil-
ity. We started by testing the method on extremely reg-
ular cases, where the cost function was flat for all orders,
as computed analytically. We then analytically derived
the cost function of a slightly more complex case: the hy-
perring. This revealed how reducibility is to the structure
and dynamics of the system, with an explicit dependence
on the diffusion time and the multiorder Laplacian eigen-
values. In particular, spectral distortion, or how diffusion
is affected by truncating orders, is key.

We then applied the method to random structures,
where results indicate that random hypergraphs are non-
reducible: i.e., they are best represented by considering
all possible orders of interaction. This is understand-
able: in these ensembles, hyperedges are maximally un-
correlated both within and across orders, so each order
introduces genuinely new spectral content that cannot be
compressed without significant information loss. In con-
trast, random simplicial complexes are reducible because
higher-order edges are generated in a correlated fashion
from lower-order ones. This correlation induces redun-
dancy in the Laplacian spectrum across orders, so that
at a given diffusion scale the dynamics can often be cap-
tured without retaining the full multiorder structure.

We then applied our method to empirical datasets that
contain group interactions. At short diffusion times,
the large variety of reducibility values obtained indicates
that while the extra information encoded in higher-order
networks provide essential local information that can-
not be discarded for some systems, others can be suit-
ably represented with lower orders and in some cases
even with only pairwise interactions without substantial
loss. The category of system appears to have a signifi-
cant effect on these short-time reducibility patterns, with

contact datasets typically more reducible than, for in-
stance, coauthorship. At long diffusion times, however,
most datasets become irreducible, consistent with the
fact that slow diffusion modes capture global patterns:
here, higher-order edges reshape the large-scale connec-
tivity, and their contribution cannot be neglected. This
was observed in general, suggesting that shorter diffusion
times are more informative in practice.

A correlation analysis revealed that reducibility is cor-
related with many simple structural metrics such as den-
sity, maximum degree, nestedness, or degree heterogene-
ity, but that none of them alone can explain reducibil-
ity. To further investigate the link between structural
properties and reducibility, we analyzed contact datasets
because they have high reducibility. We focused on nest-
edness, a form of higher-order structural redundancy,
cross-order degree correlations, and degree distribution,
designing three randomization strategies to subsequently
destroy each of these structural features. In this way, we
revealed the role of degree distribution rather than nest-
edness or cross-order degree correlations on reducibility.
This is of particular interest, as these three higher-order
structural metrics have been linked to changes in dynam-
ics in higher-order networks in the past [17, 59]. This is
also consistent with the role of the multiorder Laplacian
spectra, known to be link to the degrees of the structure.

Our results challenge the widespread assumption that
complex network data must necessarily be investigated
through the lens of higher-order dynamics. In fact, there
are completely reducible and non-reducible systems, with
a spectrum of cases between these two extremal cases,
demonstrating that some orders might be irrelevant or
uninformative to describe an empirical system. Moving
forward, it will be crucial to collect new datasets from
the biological sciences to determine whether and in what
scenarios complex networks such as connectomes can be
considered reducible or irreducible. This will help to
understand under which conditions higher-order mech-
anisms and behaviors are essential for the function of
these systems, as is often assumed nowadays.

Our work also contributes to the increasing interest
in reducing the dimensionality of higher-order network
models [61, 62], and more generally, of complex sys-
tems models [54, 63–66]. In particular, phase reduc-
tion techniques for coupled oscillators have shown that
higher-order interactions appear naturally when reduc-
ing the dynamics of (initially pairwise) coupled higher-
dimensional oscillators to simple 1-dimensional phase os-
cillators [63]. This is consistent with recent results reduc-
ing complex to low-rank matrices, in which case higher-
order interactions also appear naturally [66]. A renor-
malization group approach also identified important or-
ders of interaction in empirical datasets which were not
always pairwise [62]. Complementary to these and to
these approaches that look at “mechanisms”—the struc-
ture and dynamical rules controlling the evolution of
the system—other approaches such as maximum entropy
models and higher-order information-theoretic measures
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look at “behaviors”—the result of the evolution, that is,
time series of observables from those systems. Interest-
ingly, several such studies have instead shown that pair-
wise models can be sufficient, under certain conditions,
to describe the behaviors (or, statistics) of systems that
contain higher-order interactions, or mechanisms [31–34].
For example, in [32], the authors show that a statisti-
cal model truncated to pairwise correlations is sufficient
to approximate the full multivariate statistics produced
by a system of spins with higher-order interactions, and
in [34], the authors decompose the contributions of differ-
ent orders from discrete random variables. Except for ini-
tial work disentangling between higher-order mechanisms
and behaviors [10] and showing that the relationship be-
tween the two is complex [35], little is known about their
relationship, suggesting a promising direction for future
work.

Detecting redundancies and exploiting them with an
approach to identify a compressed representation of the
data, has the potential to enhance our understanding of
empirical higher-order systems, and contributes to the
increasing interest in dimensionality reduction of such
networks [61, 62, 66]. The main advantage of our frame-
work is that it builds on a consolidated formalism that is
firmly grounded on the statistical physics of strongly cor-
related systems. As in the case of multilayer systems [40],
we think that it is remarkable that it is possible to tackle
such challenges by capitalizing on a formal analogy be-
tween quantum and higher-order systems, which can be
further exploited to gain novel insights into the structural
and functional organization of complex systems.

METHODS

I. Multiorder Laplacian for hypergraphs

The Laplacian matrix L of a graph is defined as Lij =
Kiδij − Aij , where Ki is the degree of node i, δij is the
Kronecker delta, and A is the adjacency matrix. For
hypergraphs, we can define dmax Laplacian matrices, one
for each order of interaction. The Laplacian of order d
can be defined as [17, 50]

L
(d)
ij = K

(d)
i δij −

1

d
A

(d)
ij , (15)

where K
(d)
i is the degree of order d of node i, i.e., the

number of d-hyperedges connected to node i, while A(d)

is the adjacency matrix of order d, whose elements A
(d)
ij

counts the number of d-hyperedges connected to nodes i
and j.
We can hence define the multiorder Laplacian up to an

order D as [17, 50]

L[D] = L(D,mul) =
D∑

d=1

γd
⟨K(d)⟩

L(d), (16)

where γd is a tuning parameter of interactions of order
d, while ⟨K(d)⟩ is the average degree of order d. For
simplicity, in this study, we always set γd = 1.
Note that in general, a hypergraph does not need to

have hyperedges at every order below D, unless it is a
simplicial complex. If there is no hyperedge of order d,
both the Laplacian of order d and the average degree in
Eq. (2) vanish and the result is undefined. In those cases,
the sum thus needs to be taken over all orders below D
that exist: D = {d ≤ D : ⟨K(d)⟩ > 0}.

J. Multiorder density matrix for hypergraphs

We define the multiorder density matrix of a hyper-
graph H, up to order d, as

ρ[d]
τ =

e−τL[d]

Z
, (17)

with the partition function Z = Tr
(
e−τL[d]

)
and the

diffusion time τ . As its pairwise analog in Eq. (1), this
operator satisfies all the expected properties of a density
matrix: it is positive definite, and its eigenvalues sum up
to one.
We know from [42] how the eigenvalues of the den-

sity matrix λi(ρ
[d]
τ ) are related to those of the Laplacian

λi(L
[d]):

λi(ρ
[d]
τ ) =

e−τλi(L
[d])

Z
(18)

where the partition function can also be expressed as

Z =
∑N

i=1 e
−τλi(L

[d]). This relation is useful to link our
intuition and knowledge about the Laplacian spectrum
to that of the density matrix.
The diffusion time τ plays the role of a topological scale

parameter: small values of τ allow information to diffuse
only to neighboring nodes, probing only short-scale struc-
tures. Larger values of τ , instead, allow the diffusion to
reach more remote parts of the hypergraph and describe
large-scale structures. In this context, the meaning of
small and large depends on the network structure, and
can be estimated with respect to the magnitude of the
largest (1/λmax) and smallest (1/λmin) eigenvalues of the
Laplacians, respectively.

K. Information loss as Kullback-Leibler divergence
between two hypergraphs

The state of the original hypergraph H is stored in the
multiorder density matrix

ρ[dmax]
τ = e−τL[dmax]

/Z [dmax], (19)

and the state of the reduced hypergraph where we con-
sider orders up to d is given by

ρ[d]
τ = e−τL[d]

/Z [d]. (20)
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To perform model selection and determine the optimal

order dopt to represent the hypergraph, we treat ρ
[dmax]
τ

as data and ρ
[d]
τ as a model of it. The first key aspect of

a good model is that it must describe the data as accu-
rately as possible. We can quantify the modeling error, or
information loss, with the Kullback-Leibler (KL) entropy
divergence between the data and the model, defined as

DKL

(
ρ[dmax]
τ |ρ[d]

τ

)
= −S[dmax] + S ([dmax]|[d]) ≥ 0, (21)

where S[dmax] = −Tr
(
ρ
[dmax]
τ logρ

[dmax]
τ

)
is the Von Neu-

mann entropy of the hypergraph and S([dmax]|[d]) =

−Tr
(
ρ
[dmax]
τ logρ

[d]
τ

)
is the cross-entropy between the

hypergraph and its reduced form.
The von Neumann entropy of a hypergraph can also

be written as

S[d]
τ = −Tr

(
ρ[d]
τ logρ[d]

τ

)
= −

∑
i

λi(ρ
[d]
τ ) log λi(ρ

[d]
τ ),

(22)

where {λi(ρ
[d]
τ )} are the eigenvalues of the density ma-

trix, and 0 log 0 = 0 by convention. The von Neumann
entropy S[d] is zero if only one eigenvalue is non-zero
(“pure state”, in the language of quantum mechanics),
and maximal equal to logN if all eigenvalues are equal
(“maximally mixed state”, in the language of quantum
mechanics). This maximal entropy is realized in a trivial
hypergraph with N isolated nodes [42]: all eigenvalues of

the Laplacian are zero, so Z = N , and λi(ρ
[d]
τ ) = 1/N ∀i

according to Eq. (18), yielding S
[d]
τ = logN .

Another extreme case is that of the complete hyper-

graph. In that case, one eigenvalue is λ1(L
[d]
τ ) = 0 and

the other N − 1 are λi(L
[d]
τ ) = dN/(N − 1) (see Eq. (28)

below). The expression for S
[d]
τ can then be derived an-

alytically and, consistent with the case of the complete

pairwise network [42], it has minimal entropy S
[d]
τ = 0 in

the limit τ → +∞ and maximal entropy S
[d]
τ = logN in

the limit τ → 0.
The information loss DKL takes positive values propor-

tionally to the inaccuracy of the model, and reaches zero
at d = dmax—as the data is the most accurate model of
itself. It is to avoid this overfitting that a regularization
term, accounting for model complexity, is needed.

L. Model complexity

It is compulsory that high model accuracy must be
balanced with low model complexity.

Within the Bayesian framework underlying the min-
imum description length principle, model complexity
arises from the prior term. However, as discussed above,
defining a valid prior in terms of the density matrix is
nontrivial. Accordingly, we adopt a more heuristic—yet
plausible—definition. We measure the complexity of the

model in terms of its entropic deviation from the sim-
plest possible model: a network of isolated nodes. We
know that the entropy of N isolated nodes is given by
Siso = logN . This gives an upper bound on the von
Neumann entropy of a hypergraph, guaranteeing that

0 ≤ S
[d]
τ ≤ Siso. Therefore, we define the model com-

plexity C as:

C
(
ρ[d]
τ

)
= Siso − S[d]

τ ≥0. (23)

In fact, by definition we have that the complexity can

take values in C
(
ρ
[d]
τ

)
∈ [0, Siso], reaching its mini-

mum for hypergraphs with maximal entropy (e.g. iso-
lated nodes or hypergraphs with high regularity), and its
maximum for hypergraphs with minimal entropy (e.g.
hypergraphs with more complex structures). From the
point of view of the eigenvalues of the density matrix,
the model complexity is expected to be lower when the

eigenvalues of ρ
[d]
τ are all similar, and larger when they

are more diverse.

M. Minimizing the cost function

We can now define the cost function L by combining
the information loss in Eq. (21) and the model complexity
in Eq. (23):

L
(
ρ[dmax]
τ |ρ[d]

τ

)
= DKL

(
ρ[dmax]
τ |ρ[d]

τ

)
+ C

(
ρ[d]
τ

)
. (24)

By definition, minimizing the cost function corresponds
to maximizing the accuracy of the model and, at the
same time, minimizing the model complexity (Occam’s
Razor). To obtain the best compression, we find the
smallest order d which gives

dopt = min
d

L
(
ρ[dmax]
τ |ρ[d]

τ

)
. (25)

It is worth mentioning that the propagation scale τ
works as a resolution parameter. When τ is very large,
the process approaches the steady state, and the net-
work topology becomes irrelevant and, consequently, any
model can be a good model. Whereas, at very small
τ , the field evolution is linear and through the paths of
length ≈ 1, exhibiting maximum resolution. Although
we explore a variety of values of τ , we mainly focus on
a characteristic propagation scale τc, the largest τ for
which a linearization of the time evolution operator is still
valid. Assume the eigenvalues of the Laplacian are given
by {λℓ} where ℓ = 1, 2, ...N and let λN be the largest of
them. Then, the eigenvalues of the time-evolution opera-
tor e−τL are given by {e−τλℓ}. Here, τc = 1/λN , ensuring
that the last eigenvalue of the time evolution operator is
reasonably linearizable e−τcλN ≈ 1− τcλN . This ensures
an acceptable linearization for the rest of the eigenvalues
since λN is the largest eigenvalue of the Laplacian.
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It is important to remark that in the original message
length formulation the hypothesis is that observational
data can be described by a generative model character-
ized by a probability distribution. In turn, such a distri-
bution depends on some unknown parameters that can
be fitted by maximizing the Bayesian posterior or, equiv-
alently, minimizing the message length. Consequently,
the term accounting for model complexity, C, depends
on the number of parameters used to describe that prob-
ability distribution. Here, we deviate from the standard
Bayesian approach, because we work with operators and
not with probability distributions, thus a direct general-
ization of the Bayes theorem in this context is difficult.
In fact, our model is a density matrix that character-
izes the probability distribution of activating pathways
for information flows [60].

Consequently, using our formalism, there is no direct
way to reconcile our definition of cost function with the
standard Bayesian complexity term. In fact, the latter
can be understood as Shannon’s surprise about the prior
probability, which has no direct counterpart in our for-
malism. To partially overcome this issue, we use again
a Kullback-Leibler divergence to approximate the model
complexity and define an effective regularization term.
In fact, this reduces to the deviation of Von Neumann
entropy of the d-th order model from the case of a “gas
network” (i.e., N disconnected nodes), which can be un-
derstood as the maximally mixed state to define our net-
work of size N . In information-theoretical terms, if we
define ρiso = I

N as the density matrix of the maximally
mixed state, where I is the identity matrix of order N ,
then DKL(ρ|ρiso) ≡ C encodes the expected “excess sur-
prise” that we have about the state ρ if we use ρiso as a
prior model for it:

DKL(ρ|ρiso) = Tr (ρ(logρ− logρiso))

= Tr (ρ logρ)− Tr (ρ logρiso)

= −S − Tr (ρ(log I− log(N)))

= logN − S ≡ C. (26)

Remarkably, the term logN is constant and does not
alter the optimization procedure, but it is useful to
reconnect—at least in spirit, and not formally—our com-
plexity term C to the surprise about the prior appearing
from the classical Bayesian approach. For this reason,
throughout this paper, we will use the term cost func-
tion instead of description length to acknowledge the ex-
isting gap. In this context, alternative definitions can be
adopted for both the information loss and the complexity
terms. We provide one such example in the Supplemen-
tary Information Sec. V and show that, when capturing
different features, the resulting outcomes may differ.

N. Rescaling τ

1. Complete hypergraph

In some extremely regular structures, such as com-
plete hypergraphs or some simplicial complex lattices,
the Laplacians at all orders are proportional. For exam-
ple, for complete hypergraphs,

L(d) =
K(d)

N − 1
L(1), (27)

and consequently

L[d] =
d

N − 1
L(1) = dL[1]. (28)

Another direct but useful consequence of this is the re-
lationship between the multiorder Laplacians at any two
orders

L[d] =
d

d′
L[d′]. (29)

Since by definition Eq. (3), the density matrix ρ
[d]
τ de-

pends only on the product τL[d], we can write

ρ[d]
τ =

e−τdL[1]

Tr
(
e−τdL[1]

) = ρ
[1]
τ̃ (30)

where τ̃ = dτ , or equivalently, between two orders

ρ[d]
τ = ρ

[d′]
d
d′ τ

. (31)

Hence, instead of selecting a single diffusion time τ for
all orders, we can select a different, more appropriate
diffusion time at each order. Specifically, we can select
a main τ , and rescale it at each order to ensure that
the density matrices are the same. One could choose the
rescaling so that the density matrices would be equal to

any of them non-rescaled, e.g. to ρ
[1]
τ . However, to ensure

that the information loss vanishes when considering all

possible orders, DKL

(
ρ
[dmax]
τ |ρ[dmax]

τ

)
= 0, we need to set

all of them equal to ρ
[1]
τ . This is achieved by rescaling

the diffusion time by

τ ′(d) =
dmax

d
τ (32)

so that

ρ
[d]
τ ′(d) = ρ

[d]
dmax

d τ
= ρ

[dmax]
τ . (33)

2. General case of proportional Laplacians

In general, the Laplacian of order d is proportional
to that of order 1, L(d) ∝ L(1), when their respective
adjacency matrices are proportional, that is

A(d) = dB(d)A(1). (34)
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where B(d) is a coefficient that may depend on the or-
der d. Indeed, by definition, the generalized degree and

adjacency matrix are related by K
(d)
i = 1

d

∑
j A

(d)
ij , and

thus we also have

K(d) = B(d)K(1), (35)

ensuring that the Laplacian matrices are proportional,
L(d) = B(d)L(1).

Equation (35) implies that

B(d) = ⟨K(d)⟩/⟨K(1)⟩, (36)

and hence, the multiorder Laplacian up to order d is given
by

L[d] =
d

⟨K(1)⟩
L(1) = dL[1] (37)

which is consistent with the complete hypergraph case in
Eq. (27), where we have ⟨K(1)⟩ = N − 1. The rest of
the derivation is thus the same as in the complete graph
case: rescaling τ per order as

τ ′(d) =
dmax

d
τ (38)

ensures

ρ
[d]
τ ′(d) = ρ

[d]
dmax

d τ
,= ρ

[dmax]
τ . (39)

In turn, this yields no information loss and the flat cost

function is given by L
(
ρ
[dmax]
τ |ρ[d]

τ ′

)
= C

(
ρ
[dmax]
τ

)
∀d.

Note again that, in general, a hypergraph does not
need to have hyperedges at every order below D, unless
it is a simplicial complex. If there is no hyperedge at
some orders d, Eq. (37) must be adjusted, as the factor
d comes from the number of orders present. The set of
orders present is in general D = {i ≤ d : ⟨K(i)⟩ > 0},
so that Eq. (37) becomes L[d] = |D|L[1] and Eq. (38)
becomes τ ′(d) = dmax

|D| τ .

3. Higher-order lattices

For a triangular lattice in which every triangle is pro-
moted to a 2-simplex, each node is part of six 1-simplices
and six 2-simplices. Furthermore, each 1-simplex of the
lattice is part of two different 2-simplices. This means
that each pair of nodes share two 2-simplices if they share
one 1-simplex, and zero otherwise. Formally:

k
(2)
i = 6 = k

(1)
i and A

(2)
ij = 2A

(1)
ij , (40)

so that B(2) = 1.

O. Description of the datasets

We assigned a category to each of the 60 empirical
datasets. All datasets are accessible via XGI [26] and
stored at https://zenodo.org/communities/xgi/.
Coauthorship.—Each of the coauthorship datasets cor-

responds to papers published in a single year in geology
(1980, 1981, 1982, 1983, 1984) and history (2010, 2011,
2012, 2013, 2014). A node represents an author, and
a hyperedge represents a publication marked with the
“Geology” or “History” tag in the Microsoft Academic
Graph [67].
Contact.—In the contact datasets, a node represents a

person and a hyperedge represents a group or people in
close proximity at a given time. Most of the original
datasets are from the SocioPatterns collaboration [68,
69].
Drugs.—The drugs datasets include two constructed

in [24] with data from the National Drug Code Direc-
tory (NDC). In ndc-classes, a node represents a label (a
short text description of a drug’s function) and a hyper-
edge represents a set of those labels applied to a given
drug. In ndc-substances, a node represents a substance
and a hyperedege is the set of substances in a given drug.
The Drug Abuse Warning Network (DAWN) is a na-
tional health surveillance system that records drug use
that contributes to hospital emergency department vis-
its throughout the United States. A node represents a
drug, and a hyperedge is the set of drugs used by a given
patient (as reported by the patient) in an emergency de-
partment visit. For a period of time, the recording system
only recorded the first 16 drugs reported by a patient, so
the dataset only uses the first 16 drugs (at most).
Ecology.—In the ecology datasets, a node represents

a plants species, and a hyperedge represents the set of
pollinator species that visit a given plant species. These
datasets are from the Web of Life (www.web-of-life.
es).
Email.—In the email datasets, a node represents an

email address and a hyperedge is the set of all recipient
addresses included in an email, including the sender’s.
Metabolism.—Each metabolism dataset is a metabolic

reaction networks at the genome scale, from the Bio-
chemical, Genetic and Genomic (BiGG) models database
(http://bigg.ucsd.edu/). A node represent a metabo-
lite, and a hyperedge represents a set of metabolites par-
ticipating in a metabolic reaction. Different datasets rep-
resents different metabolic reaction networks in different
organisms. These datasets were analyzed as directed hy-
pergraphs in [70], but we converted them to unweighted
undirected hypergraphs.
Politics.—In the politics datasets, a node represents a

member of the US Congress/House/Senate and a hyper-
edge is the set of members co-sponsoring a bill between
1973-2016. In the house-committee dataset, a node is a
member of the US House of Representative, and a hyper-
edge is a set of member forming a committee (1993-2017).
All datasets were constructed in [24].
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Tags.—In the tags datasets, a node represents a tag,
and a hyperedge is a set of tags associated to a question
on online Stack Exchange forums (Mathematics Stack
Exchange and Ask Ubuntu). The tag datasets were con-
structed in [24] with data from the Stack Exchange data
dump.

Theater.—Each dataset is a Shakespeare theater play,
where a node represents a character and a hyperedge
represents a set of characters that appear together on
stage in a scene. The Hyperbard datasets were intro-
duced in [71].

I. RANDOMIZING STRATEGIES

We applied three randomization strategies: the config-
uration model, the node swap, and the shuffling.

The configuration model we used is a generalization
of the standard pairwise configuration model to higher-
order interactions [25, 59]. We applied a configuration
model to each order of the hypergraph separately. At
each order, the configuration model connects stubs so
as to randomize hyperedges while preserving the degree
sequences at each order.

The node swap procedure was initially proposed in [17].
The idea is to preserve the degree distributions at each
order, but to lower the cross-order degree correlations.
To do this, at each order d, we pair nodes (i, j) and swap

their generalized degrees K
(d)
i ↔ K

(d)
j by swapping their

hyperedge memberships at that order. At each order,
each node is paired with a single other nodes so that all
nodes are swapped. To more efficiently reduce correla-
tions between orders, high-degree nodes are paired with
low-degree degree nodes in priority. Also, to avoid cor-
relation between orders, the node pairing is randomly
shuffled at each order.
The shuffling procedure is the most destructive one:

it only preserves the number of hyperedges. It works
by replacing each d-hyperedge by another, randomly se-
lected, non-existing d-hyperedge. This procedure de-
stroys intra- and inter-order correlations between hyper-
edges and tends to produce structures akin to random
hypergraphs.

DATA AVAILABILITY

All data is publicly available from XGI-data: https:
//zenodo.org/communities/xgi/about.

CODE AVAILABILITY

Code for reproducing our results is available
online from the repository https://github.com/
maximelucas/hypergraph_reducibility and on Zen-
odo https://doi.org/10.5281/zenodo.17833060 [72].
It uses the XGI package [26].

[1] S. Boccaletti, V. Latora, Y. Moreno, M. Chavez, and D.-
U. Hwang, Complex networks: Structure and dynamics,
Phys. Rep. 424, 175 (2006).

[2] A.-L. Barabási, N. Gulbahce, and J. Loscalzo, Network
medicine: a network-based approach to human disease,
Nat. Rev. Genet. 12, 56 (2011).

[3] E. Bullmore and O. Sporns, The economy of brain net-
work organization, Nat. Rev. Neurosci. 13, 336 (2012).

[4] R. Pastor-Satorras, C. Castellano, P. Van Mieghem, and
A. Vespignani, Epidemic processes in complex networks,
Rev. Mod. Phys. 87, 925 (2015).

[5] G. Cimini, T. Squartini, F. Saracco, D. Garlaschelli,
A. Gabrielli, and G. Caldarelli, The statistical physics
of real-world networks, Nat. Rev. Phys. 1, 58 (2019).

[6] M. De Domenico, More is different in real-world multi-
layer networks, Nat. Phys. 19, 1247 (2023).

[7] R. Lambiotte, M. Rosvall, and I. Scholtes, From networks
to optimal higher-order models of complex systems, Nat.
Phys. 15, 313 (2019).

[8] F. Battiston, G. Cencetti, I. Iacopini, V. Latora, M. Lu-
cas, A. Patania, J.-G. Young, and G. Petri, Networks
beyond pairwise interactions: Structure and dynamics,
Phys. Rep. 874, 1 (2020).

[9] F. Battiston, E. Amico, A. Barrat, G. Bianconi, G. Fer-
raz de Arruda, B. Franceschiello, I. Iacopini, S. Kéfi,
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TABLE I. Reducibility of 60 real-world higher-order networks. We report the category, what a node and a hyperedge
represent, the number of nodes N , the number of hyperedges M , the maximum order dmax, the optimal order dopt, and the
reducibility χ of a range of higher-order networks from empirical datasets, for τshort. The reducibility values are shown by
category in Fig. 5.

Dataset Category Node Hyperedge N M dmax dopt χ

coauth-mag-geology 1980 coauthorship Author Co-authors of a paper 1674 245 17 17 0.00
coauth-mag-geology 1981 coauthorship Author Co-authors of a paper 1075 1427 28 28 0.00
coauth-mag-geology 1982 coauthorship Author Co-authors of a paper 1878 222 25 25 0.00
coauth-mag-geology 1983 coauthorship Author Co-authors of a paper 535 233 14 14 0.00
coauth-mag-geology 1984 coauthorship Author Co-authors of a paper 2773 271 16 16 0.00
coauth-mag-history 2010 coauthorship Author Co-authors of a paper 701 322 34 34 0.00
coauth-mag-history 2011 coauthorship Author Co-authors of a paper 654 316 43 43 0.00
coauth-mag-history 2012 coauthorship Author Co-authors of a paper 673 335 35 35 0.00
coauth-mag-history 2013 coauthorship Author Co-authors of a paper 826 104039 37 37 0.00
coauth-mag-history 2014 coauthorship Author Co-authors of a paper 833 54933 30 30 0.00
contact-high-school contact Person People in face-to-face contact 327 1459 4 3 0.33
contact-primary-school contact Person People in face-to-face contact 242 24520 4 2 0.67
hospital-lyon contact Person People in face-to-face contact 75 1824 4 2 0.67
hypertext-conference contact Person People in face-to-face contact 113 2434 5 3 0.50
invs13 contact Person People in face-to-face contact 92 787 3 2 0.50
invs15 contact Person People in face-to-face contact 217 4909 3 2 0.50
malawi-village contact Person People in face-to-face contact 84 431 3 2 0.50
science-gallery contact Person People in face-to-face contact 410 796 4 4 0.00
sfhh-conference contact Person People in face-to-face contact 403 6093 8 5 0.43
dawn drugs Drug Drugs used by a patient 2290 903 15 1 1.00
ndc-classes drugs Drug label Labels associated to a drug 628 547 38 11 0.73
ndc-substances drugs Substance Substances in a drug 3414 6471 186 186 0.00
plant-pollinator-mpl-014 ecology Plant species Plants visited by a pollinator 28 3350 9 9 0.00
plant-pollinator-mpl-015 ecology Plant species Plants visited by a pollinator 130 10541 103 103 0.00
plant-pollinator-mpl-016 ecology Plant species Plants visited by a pollinator 26 145053 16 16 0.00
plant-pollinator-mpl-021 ecology Plant species Plants visited by a pollinator 90 169259 24 24 0.00
plant-pollinator-mpl-034 ecology Plant species Plants visited by a pollinator 25 62 20 20 0.00
plant-pollinator-mpl-044 ecology Plant species Plants visited by a pollinator 107 68 24 24 0.00
plant-pollinator-mpl-046 ecology Plant species Plants visited by a pollinator 16 128 15 15 0.00
plant-pollinator-mpl-049 ecology Plant species Plants visited by a pollinator 37 54 23 23 0.00
plant-pollinator-mpl-057 ecology Plant species Plants visited by a pollinator 114 125 36 36 0.00
plant-pollinator-mpl-062 ecology Plant species Plants visited by a pollinator 456 87 156 156 0.00
email-enron email Email address Email 143 85 36 36 0.00
email-eu email Email address Email 986 71 39 39 0.00
STM v1 0 metabolism Metabolite Metabolites in a reaction 1716 84 66 5 0.94
e coli core metabolism Metabolite Metabolites in a reaction 72 35 22 22 0.00
iAB RBC 283 metabolism Metabolite Metabolites in a reaction 342 38 8 4 0.57
iAT PLT 636 metabolism Metabolite Metabolites in a reaction 738 401 9 5 0.50
iEC1356 Bl21DE3 metabolism Metabolite Metabolites in a reaction 1898 73 105 5 0.96
iEK1008 metabolism Metabolite Metabolites in a reaction 965 159 105 5 0.96
iJR904 metabolism Metabolite Metabolites in a reaction 761 52 52 4 0.94
iND750 metabolism Metabolite Metabolites in a reaction 1059 179 45 45 0.00
iYO844 metabolism Metabolite Metabolites in a reaction 977 35 62 62 0.00
congress-bills politics Congress member Members on a bill 1718 21721 399 353 0.12
house-bills politics House member Members on a bill 1494 7818 398 357 0.10
house-committees politics House member Members on a committee 1290 12704 80 80 0.00
senate-bills politics Senate member Members on a bill 294 138742 98 37 0.63
senate-committees politics House member Members on a committee 282 301 30 30 0.00
tags-math-sx tags Tag Tags associated to a question 1627 254 4 1 1.00
tags-ask-ubuntu tags Tag Tags associated to a question 3021 91 4 1 1.00
hyperbard-a-midsummer-nights-dream theater Character Characters co-present on stage 28 866 13 13 0.00
hyperbard-alls-well-that-ends-well theater Character Characters co-present on stage 31 73 11 9 0.20
hyperbard-antony-and-cleopatra theater Character Characters co-present on stage 87 1143 12 12 0.00
hyperbard-as-you-like-it theater Character Characters co-present on stage 30 1098 12 12 0.00
hyperbard-coriolanus theater Character Characters co-present on stage 75 914 11 10 0.10
hyperbard-hamlet theater Character Characters co-present on stage 41 878 11 11 0.00
hyperbard-macbeth theater Character Characters co-present on stage 49 366 9 8 0.13
hyperbard-othello theater Character Characters co-present on stage 33 2318 12 12 0.00
hyperbard-romeo-and-juliet theater Character Characters co-present on stage 49 1011 14 14 0.00
hyperbard-the-tempest theater Character Characters co-present on stage 22 2112 14 14 0.00
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FIG. 1. Functional reducibility of higher-order networks. Illustration of our method with an example hypergraph.
Given (a) an original hypergraph with interactions of orders up to dmax (= 3, here), (b) we use higher-order diffusion processes
to probe the system at a chosen diffusion time τ (e.g. small) that acts as a topological scale. (c) We then compute the cost
function, a trade-off between information loss and model complexity, of the same hypergraph, but considering orders only up
to d. We determine the optimal order dopt as the one that minimizes the cost function. Finally, (d) we reduce the original
hypergraph to an optimal version by considering orders up to dopt.

FIG. 2. The cost function is the sum of information
loss and model complexity based on Kullback-Leibler
divergence. We illustrate the terms in the cost function de-
fined in Eq. (4), on an example random simplicial complex:

(a) information loss DKL(ρ
[dmax]
τ |ρ[d]

τ ′ ), (b) model complexity

C(ρ
[d]
τ ), and (c) their sum, the cost function L(ρ[dmax]

τ |ρ[d]

τ ′ ).
The minimum of the cost function is indicated by the verti-
cal line. Parameters were set to N = 100 nodes and wiring
probabilities pd = 50/Nd at order d with dmax = 4. See S.I.
Sec. V for results based on Jensen-Shannon divergence.

FIG. 3. Analytical reducibility of hyperrings. (a) Eigen-
values of the multiorder Laplacians up to order d = 1, 2, for a
hyperring with N = 100 nodes. (b) Eigenvalues of the corre-
sponding density matrices, for τ = 0.01 (blue), 0.1 (orange),
and 1 (green), for d = 1 (dashed) and d = 2 (solid). (c) Dif-
ference between the cost function at order d = 2 and d = 1 as
a function of τ : it is negative (positive) when dopt = 2 ( = 1),
i.e. the hypergraph is irreducible (reducible, beige shade).

Vertical dashed lines indicate the short (τshort = 1/λ
[2]
max) and

long (τlong = 1/λ
[2]
min) timescales of the full system.

FIG. 4. Reducibility of random higher-order networks.
Cost function in (a) random simplicial complexes and (b) ran-
dom hypergraphs. Cost function for (c) a single random sim-
plicial complex, and then after randomly shuffling (d) 50%,
and (e) all of its hyperedges, corresponding to a random hy-
pergraph. From (c) to (e), the nestedness between hyperedges
of different orders decreases. Each point corresponds to one
of 100 realizations. Box plots show median (center line), in-
terquartile range (box), and the non-outlier range (whiskers).
The dopt minimizing the cost function is indicated by the ver-
tical line. Parameters were set to N = 100 nodes and wiring
probabilities pd = 50/Nd at order d with dmax = 4.

FIG. 5. Sixty empirical datasets show different lev-
els of reducibility. We show the cost function against the
largest order considered in (a) sfhh-conference, (b) dawn,
and (c) congress-bills. (d) Reducibility χ for all 60 datasets
colored by category and (e) its overall distribution. The
number of datasets in each category is reported in parenthe-
sis. Box plots show median (center line), interquartile range
(box), and the non-outlier range (whiskers). All reducibility
values are reported in Table I.
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FIG. 6. Reducibility is not explained by any one sim-
ple metric. We show the reducibility of the 60 datasets
against several structural metrics: (a) density (M/N), (b)
log(maximum degree), (c) log(spectral radius), (d) nested-
ness, (e) cross-order degree correlation, and (f) log(degree
heterogeneity). Datasets are colored by category. For each
metric, we indicate the Pearson correlation coefficient r, its as-
sociated p-value, and show the corresponding linear fit (solid
line if significant, dashed line otherwise). Reducibility is sig-
nificantly linearly correlated to several of those metrics, but
for a given value of a metric, reducibility can take many dif-
ferent values.

FIG. 7. Link between reducibility and degree heterogeneity by randomizing. We focus on the “contact” datasets
because they have high reducibility and nestedness. To each dataset (black), we apply three randomizing strategies: the
configuration model (green) a node swap (blue), and a random shuffling of hyperedges (red). In each case, we show (a) the
reducibility, (b) the nestedness measured by the simplicial fraction, (c) the cross-order degree correlation between orders 1 and
2, and (d) the degree heterogeneity. Each dot represents one of 20 realizations of each randomizing strategy. Although all
randomizing strategies destroy the nestedness, preserving the degree heterogeneity is sufficient to preserve the reducibility.
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